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1. INTRODUCTION 
We are interested in the solution of the boundary value problem 
Ah + a(x, y) u, - b(x, y) u, - c(x, y) u = 0 
u = v(x, r) on r, (1) 
where r is some smooth boundary in R2 consisting of a finite number of 
Jordan arcs and v is some reasonable function. The parameter E is a small 
parameter tending to zero. We consider only those problems where a, b, c, and 
v have all the differentiability needed for the existence and uniqueness of 
the solution to (1). Our approach to the solution of (1) is the familiar bound- 
ary layer approach originated by Prandtl [l] and rigorously treated by 
Levinson [2] and Vilik and Lyusternik [3], among others. 
To obtain the solution to first order in E the usual procedure is to solve the 
equation obtained by setting E = 0 in (l), i.e. : 
a(? Y) % - &x, Y) %I + 4x9 Y) u = 0, 
subject to the boundary condition 
(2) 
where F, is only a portion of the boundary I’. The solution to (2) fails to 
satisfy the desired boundary condition on F2 , where r = r, + r, , and 
a boundary layer correction must be made in the immediate vicinity of r2 . 
If n is the independent variable in the normal direction to I’, then a coordinate 
stretching of the form 
s=; (3) 
is employed in (1) to obtain the relevant equation in the vicinity of r2 . 
* This work was partially supported by NSF Grant GP-6204. 
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This approach leads to a difficulty which is not present in the original 
problem (1). The original equation (l), being elliptic, has no characteristic 
curves. The reduced problem (2) has a characteristic given by the usual 
formula 
dY -= - 4x, y) 
dx 4X,Y) * 
(4) 
There is an apparent discontinuous change (see [3]) in the stretching (3), 
and the resultant boundary layer equations, depending upon whether a 
portion of ra coincides with a characteristic or not. Yet from the ellipticity 
of (1) the solution is analytic. It is the purpose of this paper to show how the 
transition from characteristic to noncharacteristic boundary layers proceeds 
in a smooth fashion. The procedure is to introduce an additional parameter /.L, 
measuring the degree of nearness of I’, to being characteristic. By this 
procedure we obtain a result which presumably gives a asymptotic expansion 
which is uniformly valid in the parameter /.L. 
For simplicity in analyzing the results let us take straight line boundaries. 
It is simpler to consider the problem as one with a family of differential 
equations and fixed boundaries, rather than the converse case. Under the 
assumed differentiability conditions the one can obviously be transformed 
into the other. Also there is no loss in generality to taking the boundary 
condition 
y(x,y)=O on r,. 
(The location of r, will be specified shortly.) The problem to be solved then 
is, find u(x, y) where 
c2V2u + a@, y) u, - b(x, y) u, + 4x, y) u = 0, 
y=o O<x<l, 
x=1 O<YbL 
x=0 O<Y<l, (6) 
y=l O<x<l, 
where r, consists of the two lines y = 0, 0 < x < 1 and x = 1, 0 < y 6 1. 
The choice of r, restricts the algebraic signs of a(x, y) and b(x, y) in a manner 
which will be obvious later. Because of the linearity of (6) it is no loss in 
generality to take eitherf(y) =. 0 or g(x) = 0. Take g(x) = 0. It is clear that 
the solution to the reduced equation (2) is 
240(x, y) = 0. 
We then look for 
u = %(X, Y) + u&T Yh (7) 
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where 6 = X/E* and u1 must then satisfy 
a34 2u a2ul 
---‘+c -@- 
au, au, 
at2 
+ Z-2u(Eaf, y) - - E2a-2b(&, Y) - 
at aY 
- E2=-%(c~, y) u* = 0. (8) 
If a(0, y) # 0 then the only choice of a! in (8) which leaves a2u,/as2 as one of 
the dominant terms is 01 = 2 and the resulting limit equation for pi is the 
ordinary differential equation 
!$ +a(O,y)~ =o. (9) 
The need that the exponential solution of (9) decay as 5 -+ 00 means that 
~(0, y) must be positive, which we take as a hypothesis. If, however, 
~(0, y) = o(x) then to keep a2uJQ2 the only choice is 01 = 1 and the resulting 
equation is the partial differential equation 
ak, --a(o,y)~-cC(O,Y)u,=0. 
8% 
The boundary layer thickness for (10) is x = E, while that of (9) is x = e2. 
Likewise the solutions to (9) and (10) are of entirely different character. 
2. THE ALMOST-CHARACTERISTIC CASE 
To obtain the intermediate case we introduce a new parameter p by the 
equation 
a(% Y) = +4x, Yh (11) 
where JO, y) is of magnitude 1 in some convenient measure. Then a(0, y) =z 0 
will correspond to p = 0. Then the boundary layer Eq. (8) becomes 
- l -l)b(& y) 2 - 2(=-%(Earf, y) u, = 0. (12) 
The limit equation for (12) is the partial differential equation 
$ + pA(0, y) 2 - qo, y) fg - c(0, y) Ul = 0, (13) 
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with boundary layer thickness x = E. Equation (13) is to be solved subject 
to the condition that 
%(O, Y) =-f(r) 
%(~,Y)‘O 
%(f, 0) = 0 
%(E, 1) = 0. (14) 
The conditions (14) overdetermine the solution and we may expect that one 
of the last two must be violated (giving rise to the familiar “corner” layer [4]). 
In order to obtain a compact solution, let us consider the case where JO, y), 
WY) and 40, Y) are constants. This clearly does not seriously affect the 
essential nature of the solution. Then the solution to (13) satisfying the first 
three conditions (14) is the well known result 
V,Y) = s;dWexP [ +- ($p2A2 +c ) &If (Y - $) &. (15) 
The integrand in (15) has a saddlepoint at 
t, = +($ p2A2 + c) d$. (16) 
Comparing the lower limit of integration in (15) and the value of t at the 
saddlepoint (16) we see that ui has, for large 6, either of the two answers: 
%(E,Y) w ~exP[-E$jA+j/@ + $)]f(Y-dp2;f+,), 
The saddlepoint result (17a), for large values of y, or large ,.L, gives a 
straight line for the boundary layer. For p = l/c, making A(%, y) = a(x, y), 
the exponential factor is essentially the non-characteristic result, 
exp[-- &%I = exp [- A $1 , (18) 
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defining a straight line boundary layer. Thus for large y our answer tends 
towards the well-known noncharacteristic result. 
For small y, or small CL, we must look at (17b). The exponential factor in 
(17b) defines, not a straight line as in (17a), but an ellipse, 
(19) 
for any arbitrary value of D. For small y or small p the characteristic width 
is independent of p., given by the variable 6 = X/E, in contrast to (17a). For 
the case c = 0 the ellipse (19) d e g enerates to a parabola t2 = 4Dy/b in the 
limit p = 0. 
We illustrate the nature of the results by some sketches. We show the 
usual results, taken from Knowles and Messick [4], reprinted here as Fig. 1. 
FIG. 1. Location of the boundary layers in noncharacteristic (a) and (b) cases 
and (c) characteristic case. Boundary layers indicated by shading. 
They show the straight line boundary layer in the noncharacteristic case, and 
a parabolic layer for the characteristic case. Our problem reduces to their’s 
for c = 0. We see that what they show are actually limiting cases of our 
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result. The more general result (15) is d rawn as Fig. 2, where the dimensions 
of the ellipse are not to scale. The ratio of the 8 to they axis of the ellipse is 
&lb, for both large and small p. 
FIG. 2. The boundary layer at x = 0 for an Almost Characteristic Boundary. 
Having the boundary layer solution satisfying the first three conditions (14) 
we return to the fourth condition. (The algebraic sign of b(0, y) shows that 
one must omit the fourth condition instead of the third). The function ur 
satisfies the condition 
not the zero given by (14). Thus there must be a correction near this corner 
for any p. The primary question is really how significant a correction. To 
avoid the problem of the propagation of discontinuities from a discontinuity 
in the boundary condition we consider the casef(1) = 0. Then from (17a) 
we see that, for fixed 5 and t.~ large enough, ur tends to an exponential times 
f(1 - a), where 8 is very small, i.e.: the boundary condition in the vicinity 
of the corner governs the value ur . The correction should not be significant 
for this (noncharacteristic) case, as is well known. However, for small enough 
TV and c, the expression (17b) is appropriate. Then the discrepancy is governed 
by the value off at the opposite end times a factor which is essentially 
(2/r)r/a exp(- c/b - bf2/4). Th’ IS is not insignificant. Thus an additional 
correction term must be found at the corner 5 = 0, y = 1. Clearly this term 
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must be in terms of 5, must satisfy the negative of (20) and must die out 
exponentially as one moves away from the line y = 1. Thus the governing 
equation must be second order in they direction. Let rl = 8( 1 - y), then (12) 
becomes, for 
2 i- ,Z(l-8) a2u2 
as 
at2 7@ t- pqo, 1) aG + E%(O, 1) S% - c(0, 1) u2 = 0. 
(21) 
To keep a2u21+2 as a dominant term the choice /I = 2 is necessary, in which 
case the derivatives of u2 with respect to 6 are of order E. Thus (21) becomes 
3 + b(0, 1) 2 + E ($a- + cLA g - cup) = 0, (22) 
whose first order solution becomes 
f42(& 7) = - u,(k, l)e-bs. (23) 
The solution u = 0 + ur( t, y) + u2( E, q> now satisfies all the given boundary 
conditions since, at 5 = 0, 
u2(0, 7)) = - Ul(0, I) e-bq 
= -,f(l) e--b7 
= 0, 
with our restriction on f(1). Th is is the same result as given by Knowles 
and Messick [4], who describe what to do iff(l) f 0. Their analysis carries 
through here with obvious modifications to a more general equation. 
We thus see the nature of the continuous transition from a noncharacteristic 
to a characteristic boundary layer. To summarize, the coordinate stretching 
is always X/E, and the governing equation is always a partial differential 
equation, features thought to be present only in the characteristic case. The 
boundary layer is an ellipse with a very thin straight line tail. As the boundary 
becomes characteristic, the ellipse elongates and becomes a parabola with the 
tail at infinity. As the boundary becomes noncharacteristic, the ellipse 
becomes so short that the tail, of thickness w (X/G), is all that is seen, except 
at one corner. At the other corner there is a corner-layer correction as long 
as the ellipse is wide enough to contain this corner. When the corner is in the 
tail this cornerlayer correction becomes negligible, 
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